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Abstract. We study the general rational solution of the Yang-Baxter equation with the 
symmetry algebra s£{3). The R-operator acting in the tensor product of two arbitrary repre¬ 
sentations of the symmetry algebra can be represented as the product of the simpler ’’building 
blocks” - 7?.-operators. The 7^-operators are constructed explicitly and have simple structure. 
We construct in a such way the general rational solution of the Yang-Baxter equation with the 
symmetry algebra si{3). To illustrate the factorization in the simplest situation we treat also 
the si{2) case. 
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1 Introduction 


The Yang-Baxter equation and its solutions play a key role in the theory of the completely 
integrable quantum models [niaiaini. The general solution of the Yang-Baxter equation (R- 
matrix) is the operator M(n) acting in a tensor product Vi ® V 2 of two linear spaces. The explicit 
expression for the R-matrix can be obtained by the following method laiH!. The Yang-Baxter 
equation is reduced to the simpler defining equation for the R-matrix [2j 

Mi2(n - v)Li{u)L2{v) = L2(n)Li(M)Mi2(M - v) 

where L(m) is the Lax operator and by some conditions the dehning equation is reduced to 
the recurrence relation for the function of one variable. Let us consider the sf'(2)-invariant R- 
matrix [7j for example. The tensor product of two s£(2)-modules has the simple direct sum 
decomposition 

00 

n=0 

SO that one obtains the spectral decomposition of R-matrix in the following general form 

00 

~ ^ Rn(w) ■ Pn 

n=0 

where operator is the projector on the space in the tensor product 14^ ® The 

defining equation results in the recurrence relation for the function R,i('u) 


{-u + ii + £2 + n) ■ R„+i(n) = -{u + ii + £2 + n) ■ Rn{u) 


which has the solution [H] 


ffn (^) 


1 '.n ^ {u + £1 + £2 + n) 
T (—u -\- £i £2 n) 


( 1 . 0 . 1 ) 
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This method is generally applicable provided the direct sum decomposition of the tensor product 
Vi 0 V 2 has no multiplicities [S]. In generic situation for the algebras of higher rank (s^(3) is 
the first nontrivial example) one obtains the system of complicated recurrence relations for the 
function of several variables (Tuniiisi which is difficult to solve. 

We suggest the natural factorized expression for the general R-matrix. It can be represented 
as the product of the simple ’’building blocks” - 7^-operators. The main idea is very simple and 
can be illustrated on the s£(2)-example. The Lax operator depends on two parameters: spin 
of representation i and spectral parameter u. It is useful to switch to another two parameters 
Ui = u + i and U 2 = u — i and extract the operator of permutation P 12 from the R-matrix 
Mi 2 = Pi 2 Ki 2 - The defining equation for the operator M 12 has the form 

Mi 2 ■ Li(ui, M2)L2 (Ui, U2) = Li(ui, U2)L2 (ui, U2) ■ Mi2- 

The operator M 12 interchanges ui with vi and U 2 with V 2 in the product of two Lax-operators. 
Let us perform this operation in two stages. In the first stage we interchange the parameters ui 
with Vi only. The parameters U 2 and V 2 remain the same. In this way one obtains the natural 
defining equation for the 7?.i-operator 


7^l ■ Li(ui,M2)L2(^^1,^^2) = Li(ui,M2)L2(Mi,^^2) ' "^1 

In the second stage we interchange U 2 with V 2 but the parameters Ui and V\ remain the same. 
The defining equation for the 7?.2-operator is 


7^2 ■ Li(ui,U2)L2(i’l,^^2) = Li(Ui,U2)L2(Vi,U2) ■ 7^2 

These equations appear much simpler then initial defining equation for the R-operator and the 
solution can be obtained in a closed form. Finally we construct the ’’composite object” R-matrix 
from the simplest ’’building blocks” ~ 7^-operators M 12 = ¥i 2 TiilZ 2 . Note this factorization is 
different from the ones used by V.Drinfeld |3] and the 7^-operator is different from the Drinfeld 
twist T El El- In the present paper we shall consider two examples of such factorization. As an 
illustrative example we derive the factorized expression for the R-matrix with symmetry algebra 
s£{2). Next we work out in details the first nontrivial example of the R-matrix with symmetry 
algebra s£{3). It seems that the whole construction can be generalized to the case of the R-matrix 
with symmetry algebra si{n). There exist operators TZi,TZ 2 , ■ ■ ■ TZu and the general R-matrix can 
be expressed in the factorized form M 12 = Pi27^i7^2 ■ ■ ■ T^n- 

The presentation is organized as follows. In Section 2 we collect the standard facts about the 
algebra si{2) and its representations. We represent the lowest weight modules by polynomials 
in one variable {z) and the s£(2)-generators as first order differential operators. We derive the 
defining relation for the general R-matrix, i.e. the solution of the Yang-Baxter equation acting 
on tensor products of two arbitrary representations, the elements of which are polynomials in zi 
and Z 2 - Next we introduce the natural defining equations for the 7?.-operators and show that 
the general R-matrix can be represented as the product of such much more simple operators. In 
the Section 3 we follow the same strategy for the algebra si{3). We represent the si{3) lowest 
weight modules by polynomials in three variables {x, y, z) and the s^(3)-generators as first order 
differential operators. Next we derive the defining relation for the general R-matrix and show 
how it can be solved using the 7?.-operators. Finally, in Section 4 we summarize. 
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2 The general s/(2)-invariant R-matrix 

In this section we consider the simplest sitnation when the symmetry algebra of the Yang-Baxter 
eqnation is s£{2). We serve it as the illnstrative example and present all calcnlations in the great 
details. 


2.1 s/(2) lowest weight modules 

In this, preparatory, section we collect some facts abont s£{2) lowest weight modules and £x the 
notations. The Lie algebra s£{2) has three generators S , S± 

[S,S±] = ±S±, [S+,S_]=2S 

the central element (Casimir operator C 2 ) being 

C 2 = - s + S+S_ , [C 2 , S±] = [C 2 , S] = 0. 


The Verma module is the generic lowest weight s^(2)-module with the lowest weight £ & C 
and Casimir C 2 = £{£ — 1). As a linear space is spanned by the basis 


Vfc = S+vo , Svfc = {£ + k)vk , S„Vfc = -k{2£ + k- l)vfc 

where the vector vq is the lowest weight vector: S_vo = 0 , Svq = £vo. The module is 
irreducible, except for £ = —| where n G {0,1, 2, 3 ■ ■ ■}, when there exists an (n + l)-dimensional 
invariant subspace C spanned by We shall extensively use the representation 

Yi of s£{2) in the inhnite-dimensional space C[z] of polynomials in variable 2 : with the standard 
monomial basis and lowest weight vector uq = 1- The action of s£{2) in is given by 

the hrst-order differential operators: 

S = zd + £ , S_ = -a , S+ = z^d + 2£z (2.1.1) 

or the group-like elements (global transformations) 


AS$(z) = A^<I>(A2) , e^®-<l>(z) = $ (z - A) , e^®+d>(z) = (1 - \z)-^^<l> (r”^) 


The generating function for the basis vectors of Verma module 


°° \k °° \fc 


k\ 


■ Vfc 


A:=0 k=0 

can be calculated in closed form in the functional representation using (imi) 

. 1 = (1 - A.)-“ = g L . (2«), ; (2«), . 


k=0 
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This expression clearly shows that for generic £ ^ | the module is an irreducible si{2)- 

module isomorphic to V^, the isomorphism being given by (2£)^ • z^. For £ = —| where 

n G {0,1, 2, 3 ■ ■ ■}, we have the hnite sum instead of inhnite series 

n I 

. 1 = (1 - Xzr = ^(-1)‘C;A‘/ ; C’^ = 

SO that there exists an invariant subspace V„ C Ve spanned by which is isomorphic to 

V„. For £ = —^ one obtains the two-dimensional invariant subspace Vi ~ and the matrices 
of operators S , in the basis 


ei = S+ ■ 1 = -z, 62 = 1 


have the standard form of generators s, s± in the fundamental representation 


s+ = 



, s_ 


0 0 \ 1 / 1 0 \ 
1 0 ) ’®“ 2 V 0 -ij 


(2.1.3) 


2.2 Yang-Baxter equation and Lax operator 

Let and be lowest weight s£(2)-modules and consider the three operators 

which are acting in 14 . ® The Yang-Baxter equation is the following three term relation 

( 2 - 2 . 1 ) 

We seek the general st'(2)-invariant solution Rf^£ 2 ('^) of this equation. The natural way is to 
start from the simplest solutions of Yang-Baxter equation and derive the dehning equation for 
the general R-operator 0 First we put £1 = £2 = £3 = — | in ( 12 . 2 . 1 |) , consider the restriction to 
the invariant subspace ® ® and obtain the equation 


Ri2(m - n)Ri 3 (n)R 23 (n) = R 23 (n)Ri 3 (M)Ri 2 (n - v) 

where the operator Ri 2 (m) acts on the hrst and second copy of in the tensor product ® 
0 and similarly for the other R-operators. The solution is the Yang’s s.^(2)-invariant 
R-matrix |2S1 

Ri 2 (m) = n + P 12 

where P 12 is the permutation operator in 0 C^. Next we choose £i = £ ; £2 = £3 = and 
consider the restriction to the invariant subspace 0 0 C^. The restriction of the operator 

R^ _ 1 ("u) to the space V£ 0 C^ coincides up to normalization and the shift of the spectral parameter 
with the fundamental Lax-operator 

L{u) : Vf 0 ^ 0 

and the Yang-Baxter equation dehnes the commutation relations for the Lax-operators [H] 

lW(m - v)L^^'>{u)Ri2{v) = Ri2(^^)L(2)(w)l(i)(w - v) 
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where L^^^('u) is the operator which acts nontrivially on the space Yi and the first copy of in 
the tensor product (8)C^ and is the operator which acts nontrivially on the Vi and 

the second copy of C^. The solution is given (up to additive constant) by the Casimir operator 
C2 for the tensor product of representations ® C^jT] 


L(m) = rt + 2 S ® s + S_ ® s+ + S+ ® s_ 


u+S S_ 
S+ M-S 


u + i-\- zd —d \ 

z^d + 2 lz u — £ — zd J 


where s, are the generators in the fundamental representation (I2.1.dj) and S, S± are gener¬ 
ators (imD in the generic representation Vi. The Lax operator acts in the space ^[z] ® 
and despite the compact notation L(m) depends really on two parameters: spin £ and spectral 
parameter u. We shall use extensively the parametrization ui = u + £,U2 = u — £ and show all 
parameters explicitly. There exists very useful factorized representation for the L-operator [H] 


L{ui,U2) 


ui + zd —d 

z^d + (til — U2)z U2 — zd 


1 0 \ / til — 1 —d \ 

^ 1 J V 0 J 


1 

—2: 



( 2 . 2 . 2 ) 


The L-operator is s£{ 2 ) invariant by construction and as consequence we obtain the useful equality 


J ^ ■ L(ti) ■ ^ J ^ = e^^- ■ L(m) • = e"^^ ■ L(tt) • e^^ (2.2.3) 

Indeed, we have 

(s_ + S_) ■ L(m) = L(tt) ■ (s_ + S_) ^ e-^®- ■ L(ti) • e^®- = e^®- ■ L(ti) • e"^®" ; e^®- = 



Finally we put £3 = — ^ in (j2.2.1 jl and consider the restriction on the invariant subspace ® 
® C^. In this way one obtains the dehning equation for the operator 

- v)Li{u)L2{v) = L2(t:)Li(ti)M£i£2(« - 

The operator L^ acts nontrivially on the tensor product ® which is isomorphic to C[zfc] ®C^ 
and the operator M£j£2(ti) acts nontrivially on the tensor product ® V which is isomorphic 
to C[;2i] ® C[z2] = C[2:i, 2:2]• 


2.3 The general R-matrix 

Now we are going to the solution of the dehning equation for the general R-matrix. It is useful 
to extract the operator of permutation P12 

^12^(21,2:2) = T(22,2i) ; T(2i,22) G C[2i,22] 

from the M-operator R£^£2 (m) = Pi2M£i£2('^) solve the dehning equation for the M-operator 
R('lil, M2|t'l, U2 )Li(ui, U2)L2{Vi,V2) = Li(ui, U2)L2(«!, U2)R{Ui, U2\Vi, V 2 ). 

To avoid misunderstanding we present this equation in explicit form 

TOI I \ f Ui -f 2icli —di \ f Vi + Z2d2 —d2 A _ 

(Ml, M2IU1, V 2 ) ^ 2 q^ ^ J ^ 2 g^ J 
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R{Ui,U 2 \Vi,V 2 ) 


_ f + Zidi ~di \ / "Ui + Z2d2 —82 A 

y 2:^01 + ('Ui - V2)zi V2 - Zidi J y zld2 + (Mi - U2)Z2 U2 - 2 : 2^2 / 

where Ui = u + £i , U2 = u — £i , Vi = v + £2 , V2 = v — £1. The M-operator can be factorized 

on the prodnct of the simpler ’’elementary bnilding blocks” - 7 ?.-operators. 

Proposition 1 There exists operator 1Z\ which is the solution of defining equations 


niLi{ui,U 2 )L 2 {Vi,V 2 ) = Li{vi,U 2 )L 2 {Ui,V 2 )Tii 

Til = 'Tli{ui\vi,V2) ; ^ 2 ) = 7^i(ni + Alni + A,n2 + A) 

and these requirements fix the operator TZi up to overall normalization constant 

T{z 2 id 2 + Ui- V2) 


TZl{Ui\Vi,V 2 ) 


; 2:21 = 2:2 - 


( 2 . 3 . 1 ) 


r(z2i(?2 + ~ ’^2) 

Proposition 2 There exists operator 7^2 which is the solution of defining equations 


Ti2Li{ui,U2)L2{Vi,V2) = Li{ui,V2)L2{Vi,U2)Ti2 

T^2 — '£^2iui) U2\v2) ; 7?.2('Wi, 'U2|n2) = 'lZ2{ui + A, M 2 + A|n2 + A) 

and these requirements fix the operator 7^2 up to overall normalization constant 

r(2i25i +Mi - M 2 ) 


T 12 {UI,U 2 \V 2 ) 


2:12 = 2:1 - ^2 


r(2;i2c7i + Ml — M 2 ) 

Proposition 3 The operator R can he factorized in a following way 

R(Mi,M2|Mi,M2) = 'R.i{Ui\Vi,U2)'JZ2{Ui,U2\v2) = 7^2 (^^1, ^21^^2)7^1 («! , t'2) 


( 2 . 3 . 2 ) 


( 2 . 3 . 3 ) 


Note that the 7 ?.-operators change the spins of s^( 2 )-representations 

TZi : ® ® ^£2+6 ; 6 = —- ( 2 . 3 . 4 ) 

7^2 : <8) ^ ^1+6 ^ ^£2-^2 ; ^2 = ——- ( 2 . 3 . 5 ) 

bnt the general R-matrix Rf^£2('^) = ^i2'£^i{ui\vi,U2)'JZ2{ui,U2\v2) appears antomatically s£{ 2 )- 
invariant. 

The factorization of the R-operator can be proven nsing the simple pictnres. The operator R 
interchanges all parameters in the prodnct of two L-operators. The operator 7^.2 interchanges the 
parameters M2 and M2 only and the operator TZi interchanges the parameters Mi and Mi. Using 
the operator IZ1R2 h is possible to interchange parameters mi,mi and M2, M2 in two steps so that 
we obtain the first eqnality in (I 2 . 3 . 3 |l as the condition of commntativity for the diagram 


Li(mi,M2)L2(Mi,M2) 


7 ^ 2 (Ml,M 2 |M 2 ) 

Li(mi,M2)L2(Mi,M2) 


7 ^l(Ml|Ml,M 2 ) 

-Li(mi,M2)L2(Mi,M2) 

R(Mi,M2|Mi,M2) 
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It is possible to exchange the parameters in the opposite order so that the second eqnality 
in (I2.d.dj) is the condition of commntativity for the diagram 


\jl{vi,U2)'L2{Ui,V2) 

Ki{Ui\Vi,V2) X 'T12{VI,U2\V2) 

Li(ni,M2)L2(ni,n2) Li(ni, n2)L2(ni, ^ 2 ) 

R{Ui,U 2] \Vi,V2) 


The dehning system of eqnations for the 7^-operator is the system of differential eqnations of 
the second order. It can be rednced to the simpler system of eqnations of the hrst order which 
clearly shows the s£(2)-covariance of the 7^-operator. 

Lemma 1 The system of equations for the operator IZi is equivalent to the system 

Til ■ [Li(ni, U 2 ) + 12 (^ 1 , ^ 2 )] = [Li(ni, ^ 2 ) + 12 (^ 1 , ^ 2 )] ■ 7^i ; TZi- zi = zi-TZi (2.3.6) 
Lemma 2 The system of equations \2.S.^) for the operator 7^2 is equivalent to the system 

7^2 ■ [Li(ni, U 2 ) + L2(ni, ^ 2 )] = [Li(ni, ^ 2 ) + L2(ni, U 2 )] ■ 7^2 ; 7^2 ■ Z 2 = Z 2 ■ 7^2 (2.3.7) 


Note that the relations in the hrst place are simply the rnles of commntation of 77-operators 
with s^(2)-generators written in a compact form. In explicit notations it is exactly the rela¬ 
tions (I2.3.4|l . (I2.3.5j) . The s^(2)-invariance of M-matrix follows directly from the properties of 
77-operators. 

Proof of the Lemma 2 and the Proposition 2. As an example we shall consider the operator 
772 and all calcnlations for the operator 77i are very similar. We are going to prove that the 
dehning eqnation ()2.3.2jl is eqnivalent to the system ()2.3.7jl and derive the explicit formnla for the 
operator 772. First we show that the system (I2.3.7j) is the direct consequence of the eq. ()2.3.2|1 . 
Let us make the shift ui ^ ui + X , U 2 ^ U 2 + X , vi ^ vi + , 'i ’2 —^ "^2 + A in the dehning 

equation (Esa). The 77-operator is invariant under this shift, L-operators transform simply 


Li —> Li -|- A ■ 1 , L 2 —> L 2 -l- A ■ 1 -|- (/i — A) 

so that we derive as consequence of eq. 

772 

1 0 


1 0 
2^2 0 


A ■ [Li(ni, ^2) + L 2 (ni, ^2)]-f-(^ — A)Li(ni, ^2) ( 0 j ~ \ ^2 0 


A ■ [Li(Mi,n2) + L2(ni,M2)] + (h - A)Li(ni,z;2) 


2^2 0 


+ A(/i - A) 


(1 

0 Y 

V ^2 

0 JJ 


■772 


The parameters A and p are arbitrary so that we obtain the equations 


772(Mi,M2|n2) ■ [Li(ni,M2) + L2(ni,n2)] = [Li(Mi,n2) + 12 (^ 1 , ^ 2 )] ■ 772(ni, n2|t’2) ; TI 2 ■ Z 2 = Z 2 ■ TI 2 
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IZ2 • Li('Ui, U2) 


1 

^2 


Li{ui,V2) 


1 

^2 


■7^2 


It is easy to prove that the last equation is the direct consequence of the hrst and the second ones. 
Next we show that from the systems of equations (j2.d.7j) follows eq. This will be almost 

trivial if we rewrite the equations ()2.d.7|l and ()2.d.2j) in equivalent form using the s^(2)-invariance 
of the L-operator and the commutativity of 7^.2 and Z 2 - We start from the equation (I2.d.2|l for 
the operator 7 I 2 and use the factorized expression ()2.2.2I1 for the L 2 -operator 


7?.2-Li(mi,M2)M 


vi -1 -82 
0 V2 


= L 


i(ni,n 2 )M ( 




ui - 1 -82 

T U2 


M-^■7^2; M 


1 

^2 


0 

1 


Next we perform the similarity transformation M ^ ■ M of this matrix equation 

7^2■M-lLl(nl,n2)M■ ^ n2)M ■ ^ 

The s£(2)-invariance of L-operator allows to rewrite the matrix M~^LM in the form (I2.2.d|) 

so that we have the simple equation for the operator r = e^^^^ ■ 7^2 ■ (note that r 2:2 = Z 2 r) 


r ■Li(Mi,n 2 ) ^ ^ = Li(ni,'i; 2 ) ^ ^ ■ r (2.3.8) 

This system of equations is equivalent to the system (I2.3.2j) written in terms of r. To derive the 
system of equations which is equivalent to the system (EXTIl written in terms of r we repeat the 
same trick with the shift of parameters and obtain the equations 


r 


Li(mi, U 2 ) + 


ui - 1 -82 + 81 

0 V2 


Li(mi, ^ 2 ) + 


Ui - 1 -82 + 81 

0 U2 


r (2.3.9) 


r ■ Li(ni,M 2 ) 


1 

0 


Li(ni,n 2 ) 


1 

0 


■ r 


The second equation is the evident consequence of the hrst one. We must prove that the sys¬ 
tem (j2.3.8|l is equivalent to the system ()2.3.9j) . First step we factorize in (I2.3.8|l the matrix 
diag{vi — 1 ; 1) from the right so that the parameter vi disappears from the equation 


r ■ Li(ni,n 2 ) 


1 -82 + 81 


= hi{ui,V2) 


1 -82 + 81 


0 V 2 J ^ ^ y 0 U 2 

It is easy to see that there are two new equations in comparison with (I2.3.9j) 


r-Li(ni,M2)( = Li(ni,n2) f 


■ r 


In explicit form the dehning system (12.3.911 contains three equations 

rzicli = Zi8ir ; rc72 = 82^ ; tzi{zi8i + Ui - U2) = Zi{zi8i + Ui - V2)r 


(2.3.10) 


(2.3.11) 
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The ’’down”-equation in () 2 .d.l()|l is the simple consequence of equation r ■ zidi = zidi ■ r from 
the system () 2 .d.llj) and the ”up”-equation 


Y{zidi +Ui- V2)di = {Zidi + Ui- U2)diY 

is equivalent to the last equation from the system () 2 .d.lljl . Indeed we have 

YZi{Zidi +Ui- U 2 ) = Zi{Zidi + Ui- V2 )y —> YZi{Zidi + Ui- U2)di = Zi{Zidi + Ui - V2)Ydi 


Zi{zidi + Ui- U2)diY = Zi{zidi + Ui- V2)di [zidi + ui- U2)diY = r^zidi + Ui- V2)di 

We have proved the equivalence of the systems (I2.d.8j) and (I2.d.9j) and therefore the equivalence 
of the systems fITTTIi and (El. It remains to find the solution. First we solve the equa¬ 
tions (j2.,‘h1 Ij) for operator r. The solution of equation rz 2 = Z 2 r and the first two equations from 
the system is r = r[2:i9i]. Then the last equation leads to the recurrence relation which 

has the simple solution 


Y[zidi l]{zidi + ui- U 2 ) = Y[zidi]{zidi + ui- V 2 ) r[zidi] ~ 


r(2:i9i + ui- V 2 ) 
r(2ri9i -f Ml - U 2 ) 


Finally we derive the expression for the operator IZ 2 from the Proposition 


'D -zodi zod^ r(zi 29 l -|- Ml — M 2 ) 

T[zi 2 di + ui- M 2 ) 


3 The general s/(3)-invariant R-matrix 

In the previous section we have constructed the general solution of the Yang-Baxter equation 
with symmetry algebra s(.{2) and proved that it has simple factorized structure. Next we shall 
consider the first nontrivial example of the symmetry algebra of the rank two. In fact, we repeat 
step by step all calculations from the previous section and show that the general solution of the 
Yang-Baxter equation with the symmetry algebra s£{3) has the very similar structure. 


3.1 s/(3) lowest weight modules 

The algebra si{3) has eight generators Tab , a, b = 1,2,3 with condition Tn -|- T 22 + T 33 = 0. 
The commutation relations have the standard form unmn 

[Taft, Ted] = bcbTad — badTcb 

We shall use the following generators of the Cartan subalgebra 

Hi = Til —T 22 ; H 2 = T 22 —T 33 ; Til = ; T 22 = -H 2 —-Hi ; T 33 = —-Hi —-H 2 

There are two central elements C 2 = Xlaft TaftT^a and C 3 = J2abc TaftTftcTca- The Verma module 
is the generic lowest weight s.^(3)-module Va ; A = {m,n). As a linear space Va is obtained by 
application of operators T 12 , T 13 , T 23 to the lowest weight vector ag 

T 2 iao = T3iao = T32ao = 0 ; Hiag = —ra ■ ag ; H 2 ag = —n ■ ag 
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We shall use the representation Va of s£{3) in the inhnite-dimensional space C[x,y,z] of poly¬ 
nomials in variables x,y,z and lowest weight vector ao = 1 [iniii2]. The action of si{3) in Va 
is given by the hrst-order differential operators. Lowering (decreasing the polynomial degree) 
operators have the form 

T21 = dx ; T31 = dy ; T32 = — xdy ( 3 . 1 . 1 ) 

and generate the following global transformations 


e'^"'"^i<h(x, y, z) = <h(x -I- A, y, z) ; y,z) = ^ (x, y + X,z) 

2 :) = $ (x, y — Ax, z + X). 

Rising(increasing the polynomial degree) operators 

Ti2 = —x'^dx — xydy + xzd^ + ydz + nx , T23 = —z^d^ — yd^ -I- mz 

Ti 3 = —y'^dy — xydx — z{y + xz)dz + {m + n)y -f mxz 
generate the global transformations 


2 ;) = [1 -I- Ax]"" $ ^ 


X 


y 


1 -|- Ax ’ 1 -|- Ax 


, z - 1 - X{y + xz) 


e'^'^23$(x, y, z) = [1 -I- Az]™' d> 

e'^'^i3$(a;, y, 2 ;) = [1 -|- Ay]" [1 - 1 - A(y -|- xz)]™ <h 
Two remaining elements of the Cartan subalgebra: 


X - Xy,y, 


X 


1 + Xz J ’ 
y 


1 + Xy^ 1 + Xy’ 1 + X{y - 1 - xz) / 


(3.1.2) 


Hi = 2xdx + ydy — zdz — n ; H 2 = 2zdz + ydy — xdx — m 
generate the transformations: 

, Ay, A^zj 

Using these formulae it is possible to derive the closed expression for the generating functions of 
the basis vectors 


A^i<h(x,y,z) = A (^A^x, Ay, 0 ; A^2<h(x, y, z) = A 


g/iTi2gt/T23gATi3 . ^ _j_ . I'x _|_ -I- (A -I- yiz){y + xz)]™ 

The power expansion of these generating functions in p, Z 2 , A gives the elements of the basis. It 
is evident that for the generic m ^ M , m ^ N ; M, V G {0,1, 2, 3 ■ ■ ■} the module Va is an 
irreducible lowest weight s^(3)-module isomorphic to Va but for the special values of the spin 
m = M , n = N there exists the hnite dimensional invariant subspace V m,n with dimension 
dim VM,iv = liM + 1)(V + 1)(M + N + 2) [IHl CH. For generic M, N 0 the space Vm, 7 v is 
invariant subspace in the space of polynomials in three variables C[x, y, z]. In the case V = 0 we 
have 

gliTi2gi/T23gATi3 . ^ _|_ ^2 -1- (A -I- IXl'){y + xz)]^ 
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so that one obtains the invariant subspace Vm,o with dimension dimVM,o = + l)(M + 2 ) in 

the space of polynomials in two variables <C[y + xz, z]. In the case M = 0 we have 

gMTi2g;^T23gATi3 _ ^ ^ + px + A?/]^ 

so that one obtains the invariant subspace Vo,v with dimension dim Vq^at = |(iV+l)(A^+2) in the 
space of polynomials in two variables C[x,y]. We shall use the three-dimensional representation 
V(i,o) ~ C^.In the basis 


ei — Ti 3 ■ 1 — y + xz , 62 — T 23 ■ 1 — z , 63 — 1 


the s^(3)-generators take the form 


/ 0 0 0 \ 
tsi = 0 0 0 

Vl 0 0/ 


/ 0 0 0 

; t2i = I 1 0 0 

\ 0 0 0 


/ 0 0 0 

; t32 = I 0 0 0 

\ 0 1 0 


hi 


1 0 0 \ 

0-10 (3.1.3) 

0 0 0 / 


/ 0 0 1 

ti3 = 0 0 0 

\ 0 0 0 


/ 0 0 0 

; ^23 = { 0 0 1 

\ 0 0 0 


(0 1 o\ 

; ti2 — j 0 0 0 1 ; h2 
\ 0 0 0 / 


0 0 0 \ 
0 10 
0 0 - 1 / 


There exists the second three-dimensional representation V(o,i) ~ C^. In the basis 


ei = -1 ; 62 = Ti 2 ■ 1 = a: , 63 = T13 ■ 1 = y 


the s^(3)-generators take the similar form but tik —; hi —^ —hi ; h 2 —> —h 2 . 


3.2 Yang-Baxter equation and Lax operator 

The Yang-Baxter equation is the following three term relation 

RaiA 2 (w - v)Raj^a^{u)Ra 2 A 3 {v) = Ma2A3(v)®AiA3(m)IRaiA2(m - v) 

for the operators MAiA^ (u) : 14.^014.^ —^ 14^ ® 14^ • As in the sf'( 2 )-case we start from the simplest 
solutions of Yang-Baxter equation and derive the dehning equation for the general M-operator. 
First we put Ai = A 2 = A 3 = (1, 0) in Yang-Baxter equation and consider the restriction to the 
invariant subspace ® ® C^. We obtain the equation 


Ri 2 (m - v)Ri3{u)'R23{v) = R23{v)Ri3{u)Ri2{u - v) (3.2.1) 

where the operator Ri 2 (m) acts on the hrst and second copy of in the tensor product ® 
(gi and similarly for the other R-operators. The solution is well known ECa 

Rl2(ti) =U + 'Pi2 

where P 12 is the permutation operator in 0 C^. Secondly we choose Ai = A 2 = (1, 0 ) ; A 3 = 
A = (m, n) and consider the restriction to the invariant subspace 0 0 Va. The restriction 
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of the operator Maja(m) to the space ® Va coincides up to normalization and shift of spectral 
parameter with the Lax-operator 


L(n) : 0 Va ^ ( 8 ) Va 

and the Yang-Baxter equation coincides with the fundamental commutation relations for the 
Lax-operator P ESI im ESI 

Ruiu - = L( 2 )(x;)L«(w)^i 2 (m - v) 

where L(^)(n) is the operator which acts nontrivially on the hrst copy of and Va in the tensor 
product ® C®Va and L^‘^\u) is the operator which acts nontrivially on the second copy of 
and Va- The solution coincides up to additive constant with the Casimir operator C 2 for the 
representation 0 Va 

L(n) = u ■ (2hi -|- h 2 ) ® Hi - 1 - — • (hi -|- 2 h 2 ) ® H 2 -|- ^ ^ ® 

i^k 

where hi, h 2 , are s£(3)-generators in the fundamental representation and Hi, H 2 , are gener¬ 
ators in the generic representation. The algebra s£{3) has two three-dimensional representations 
^ V(i^o) and V(o,i) so that there exists the second Lax-operator 

L(n) : ® Va ^ ® Va ; Ki 2 (n - n)LW(n)L(2)(t;) = L( 2 )(t;)L(i)(n)Mi 2 (M - v) 


The explicit expression for the second Lax-operator is the same but now —>■ —; hi 

—hi ; h 2 —> —h 2 . We shall use the Lax-operator L(m) 


L(n) 


|Hi + iH2 + n T21 T31 

Ti 2 |H 2 — ^Hi -|- U T 32 

Ti 3 T 23 —^Hi — |H 2 -|-M 


in dehning equation for the general M-operator. The Lax-operator L(n) depends on three param¬ 
eters u,m,n. We shall use the parametrization 

m-|-2n n — m n + 2 m 

Ui = u —2 ---, U 2 = u — l-\ --— , U 3 = u-\ - - -; m = U 3 — U 2 — I , n = U 2 — U 1 — I 


and show this parameters explicitly. The Lax operator L('Ui, U 2 , U 3 ) in the functional representa¬ 
tion Va has the form 


L(mi,M2, W 3 ) 


xd^ + ydy + Ui + 2 

L21 ~xdx + zdz U2 £ 

L 31 L 32 


dy 

dz - xdy 
-ydy - zdz + U3 


(3.2.2) 


L21 = -x'^dx - xydy + {xz + y)dz + {u2 - ui - l)a; ; L32 = -ydx - z^dz + (^3 -U2- l)z 
L31 = -xydx - y'^dy - z{xz - 1 - y)dz + (ms -U2- l)xz + (us - ui - 2 )y 
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and similar to s£(2)-case there exists the factorized representation for the Lax-operator 


/ 1 0 0 \ / ui dx - zdy dy \ / 1 0 0 \ 

L(Mi,n2 ,%)= j -X 1 0 j j 0 U2 ) I ^ 1 0 j (3.2.3) 

\ -y -z 1 J \ 0 0 Us J \ y + xz z 1 J 

The L-operator is s^(3)-invariant by construction and as consequence one obtains the useful 
equality 

/ 1 0 0 \ 

M-i ■ L(n) ■ M = ■ L{u) ■ § ; § = • e'’^" • e“^" ; M = -a 1 0 (3.2.4) 

V -6 -c 1 / 

Finally we put Ai = (1, 0) in Yang-Baxter equation 

RaiA2(w - v)RaiA3{u)^A2A3{v) = Ma2A3(^^)®AiA3(w)I^AiA2(w - v) 

change the numeration of the representation spaces A 2 —Ai = (mi,ni) ; A 3 —>• A 2 = (^ 2 ,^ 2 ) 
and consider the restriction to the invariant subspace ( 8 ) Va^ ( 8 ) Vaj- In this way one obtains 
the dehning equation for the M-operator 

Li(m - n)L2(M)MAiA2(^^) = MAiA2(^)L2(w)Li(n - v) 

The operator acts nontrivially on the tensor product ® Va^. which is isomorphic to ® 
C[xa;, yk, Zk] and the operator RaiA 2 ('^^) nets nontrivially on the tensor product Vai ®Va 2 which is 
isomorphic to C[xi, yi, Zi]®C[x 2 ., 2 / 2 , Z 2 \. Note that obtained dehning equation is slightly different 
from the ones we have used in s£(2)-case. The dehning equation which is similar to sl{2) case is 

I^AiA 2(^ “ n)Li(n)L2(n) = L2(n)Li(M)MXi\2(n - u) (3.2.5) 

There exists the well known automorphism [T^ ITH] of the Yang-Baxter equation MaiA 2 ('^) 
^AiA 2 (~^)' simplest st{2) case we have M£j£ 2 ('^) ~ ^ut for the more complicated 

algebras the action of this automorphism is nontrivial. To proceed in close analogy with 5 ^( 2 ) 
case we shall use the dehning equation (I3.2.5j] so that we derive the expression for the operator 

^AiA 2 (^ -^)- 


3.3 The general R-matrix 

Now we are going to the solution of the dehning equation for the general R-matrix. It is useful 
to extract the operator of permutation 

P12 : C[xi, ?/i, zi] ( 8 ) C[x2,1/2, Z2] C[x2, y2, Z2] ® C[xi, yi, zi] 

Pi24' (Xi,yi,Zijx2,y2,Z2) = d' (X2,y2, Z2jxi,yi, Zi) 

from the M-operator u) = ]Pi 2 M('u; v) and solve the dehning equation for the M-operator. 

The main dehning equation for the M-operator is 

R(u; v)Li(ui, U 2 , U 3 )L 2 (vi, V 2 , V 3 ) = Li(vi, V 2 , V 3 )L 2 (ui, U 2 , U 3 )R(u; v) (3.3.1) 
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mi + 2ni Til — mi ni + 2mi 

ui = u-2 --- , M 2 = w - IH-r- , Ms = M H-^- 


^ m 2 + 2n2 , ^2 - m 2 n 2 + 2 m 2 

y^=U-2 - - - , V2=V-1^ -^- , Ms = M H-^- 

The operator M can be represented as the product of the simpler ’’elementary building blocks” - 
7?.-operators. 

Proposition 4 There exists operator IZi which is the solution of the defining equations 

7^iLi(mi,M2,M3)L2(Mi,M2,Ms) = Li(mi, M 2 , Ms)L2(Mi, ^2, Ms)?^! (3.3.2) 

7^l = 7 ^l(Ml|Ml,M 2 ,Ms) ; 7 ^l(Ml|Ml,M 2 ,M 3 ) = Tli{ui + A|Mi + A, M 2 + A, M 3 + A) 

and these requirements fix the operator IZi up to overall normalization constant 

T{xda; + 1) 


^ ^-1 +Mi -M2 + 1 ) _yQ^ Tjydy + Ml - M 3 + 1 ) ^ 

' ■ r(xa. + l) ■ ^ - T{ydy + Vi-Vs + 1 )' ^ ■r(xa. + Mi-M2 + l) ' 

_ g(yi-2ia:2)9y2 . 

x = X2 , y = y2 + X 2 Z 2 , 2 : = 2:2 ; d^ = d^^- Z2dy^ , dy = dy^ , - X2dy^ 

Proposition 5 There exists operator IZ 2 which is the solution of the defining equations 

7^2Li(mi,M2,M3)L2(mi,M2,M3) = Li(mi, M 2 , M3)L2(mi, M 2 , M3)7^2 (3.3.3) 

7^.2 = 7^.2 (mi, M2 1 M2, M3) ; 7 ^ 2 (mi, M2IM2, M3) = 7 ?.i(mi + A, M2 + A|m2 + A, M3 + A) 
and these requirements fix the operator IZ 2 up to overall normalization constant 


-I ^{Z2dz2 + M2 — M3 + 1) r(xi(9a;^ + Ml — M2 + 1) r(2;2l922 + 1) g 

^ T{z2dz2 + l) ^ T{xid^^+Ui-U2 + l)^ T{z2dz2+V2-V3 + 1) ^ 


_ Q{y2-xizi)dy-^ _ g 2 i 9 z 2 . 

Proposition 6 There exists operator 71^ which is the solution of the defining equations 

7^3Li(mi,M2,M3)L2(mi,M2,M3) = Li(mi, M 2 , M 3 )L 2 (mi, M 2 , M3)7^3 (3.3.4) 

7^3 = 7 ^ 3 (mi, M 2 , MsIms) ; 7 ^ 3 (mi, M 2 , MsIms) = 7 ^ 3 (mi + a, M 2 + A, Ms + A|m 3 + A) 
and these requirements fix the operator TZz up to overall normalization constant 

n g-i +U 2 -V 3 + I) ^{Vidy, + Ml - M 3 + 1) Tjzid^, + 1) ^ 

^ '^{zidz^ + 1) Tiqiidy^ + Ml — Ms + 1) V[zidz^ + M 2 — Ms + 1) 

g^ _ gfo 2 -a:i^ 2 ) 9 j;igZ 292 i _ ga; 2 M^l 

Proposition 7 The R-operator can he factorized as follows 

R(m;m) = 77i(mi;mi,M2,M3)772(mi,M2;m2,M3)773(mi,M2,M3;m3) (3.3.5) 
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There exist six equivalent ways to represent M in an factorized form which differ by the order of 
7^-operators and their parameters. All these expressions and the proof of the factorization of the 
M-operator can be obtained using the pictures similar to s^( 2 )-case. 

The defining systems of equations for the 7?.-operator can be reduced to the simpler system 
which clearly shows the property of s^(3)-covariance of the 7^-operator. 

Lemma 3 The defining equation Hd. d. for the operator TZi is equivalent to the system of equa¬ 
tions 

Til [Li(ui,U2,M3) + T 2 {vi,V 2 ,vfi)\ = [Lfivi, U 2 , U 3 ) + L2(mi,U2,U3)]'^1 (3.3.6) 

7^lXl = Xl7^l , TZiVi = yiTZi , TZiZi = zfRi 

7^l ■ - X 2 idyfij = (9^2 - X 2 idyfij ■ 7^l (3.3.7) 

Lemma 4 The defining equation id. d. ,4) for the operator IZ 2 is equivalent to the system of equa¬ 
tions 

772 [Li(ui,U2,M3) + L2(ui,U 2,U3)] = [Li(ui, Ua, %) + L2 (Ui,U2,U3)]772 (3.3.8) 

ivi + = {yi + xiZi) 77.2 , 772^1 = 2 : 1 772 ; 772^2 = X2TZ2 , 7722/2 = 2/2772 

Lemma 5 The defining equation \d. d.4\l for the operator IZ^ is equivalent to the system of equa¬ 
tions 

773 [Li(ui,U2,M3) + L2(ui,U2,U3)] = [Lfiui, U 2 , V 3 ) + L 2 (ui, U 2 , U 3 )] 773 (3.3.9) 

773X2 = X2773 , 7732/2 = 2/2773 , 7732:2 = 2:2773 

773 • - Z2dyf) = (a^i - Z2dyfij ■ 773 (3.3.10) 

The relations in the first line are simply the rules of commutation of 77-operators with si{3)- 
generators written in a compact form. In explicit notations we have for Ai = (mi,ni) and 
A 2 = (majUa) 

77 : Vai 0 Va 2 ^ 

Til : A( = (mi, ni + ^i) ; A 2 = (m 2 , na - ^ 1 ) ; = Ui - Ui 

772 : A( = (mi 6 , ni - ^ 2 ) ; K = {m 2 - 6 , ^2 + 6 ) ; 6 = «2 - ^2 

773 : A'l = (mi - ^3, ni) ; A2 = (ma ^3, Ua) ; ^3 = U3 - V3 

The s£(3)-invariance of M-matrix follows directly from the properties of 77-operators so that the 
general R-matrix — u) = Pi 2 M(u; v) is automatically s£(3)-invariant. 

Proof. We shall consider the operators 773 and 772 . All calculations for the operator 77i 
are very similar to the 773 -case. Now we are going to the proof of equivalence of defining equa¬ 
tion ()3.3.4j) to the system ()3.3.9j) and derivation of explicit formula for the operator 773 • First 
we show that the system (I3.3.9|l is the direct consequence of the eq. (j3.3.4|l . Let us make the 
shift Ufc —>• Mfc -|- A , Ui —>• Ui -|- /i , V 2 ^ V 2 + i' , U 3 —> U 3 -|- A in the defining equation (j3.3.4|l .The 
77-operator is invariant under this shift and L-operators transform as follows 

/lOOA /O 00\ 

Li —>■ Li -|- A ■ 11 ; L 2 —> L 2 -|- A ■ 1 -|- (p — A) | — X 2 Ooj-|-(zz — ^ 

V - 2/2 0 0 / \ -X 2 Z 2 -Z 2 0 / 
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The obtained after all equation is valid for arbitrary parameters A , p and u and as consequence 
we derive the system fid.d.hj) and equation (ld.d.l()|l . Next we show that from the system of 
equations (ld.d.911 . (Id.d.l()|l follows eq. (jd.d.dll . This will be almost evident if we rewrite these 
equations in equivalent form using the s£(3)-invariance of the L-operator and the commutativity 
of 7^.3 and X 2 ,y 2 ,Z 2 - We substitute the factorized representation (j3.2.311 for the operator L 2 in 
the equation (j3.3.4|l for the operator 71^ (D 2.2 = 8^2 — - 22 ^ 1 / 2 ) 


/ Ml 

Dx2 



0x2 

dy 2 \ 

773Li(mi,M2,M3)M 0 

M2 

dz 2 

M = Li(mi,M2,M3)M 0 

M2 

8 ,, M-^773 

V 0 

0 

^3 , 

/ V 0 

0 

U 3 j 


and perform the similarity transformation M ^ ■ M of this matrix equation using the commu¬ 

tativity 7^3 and X 2 , 2 / 2 , 22 . Then using the s^(3)-invariance of L-operator (I3.2.4jl 

/I 0 0\ 

M-i ■ Li ■ M = ■ Li ■ S ; S = ■ e^=^w . ; M = - 0:2 1 0 

V -2/2 -^2 1 / 

we derive the equation for the transformed operator r = S ■ TZ^ ■ 

r ■ Ll(nl,^^2,M3)L(^'l,^^2,'y3) = Li(ni, M 2 , ^^3)L(t'i, ^^ 2 , W 3 ) ■ r (3.3.11) 


where 


L(^’i,^’ 2,^^3) = s 


/ Ml 

0x2 

dy2 \ 

1 1 

f B 

D -8 

^X2 '-'xi 

^2/2 ^yi \ 

0 

M2 

dz2 

0 

M2 

5.2-0., 

V 0 

0 

V 3 J 


^ 0 

0 

V 3 / 


, 9zi X\d’i 


^yi 


To derive the system of equations which is equivalent to the system (I3.3.9|l . (I3.3.1()|l written 
in terms of r we repeat the same trick with the shift of parameters and obtain the system of 
equations 


r ■ [Li(mi, M 2 , U 3 ) L(ni, V 2 , ^ 3 )] = [Li(mi, M 2 , V 3 ) + L(mi, V 2 , M 3 )] ■ r (3.3.12) 


(1 0 

r ■ Li(mi,M 2 ,M 3 ) 0 1 
\ 0 0 


(1 0 \ 

Li(mi,M 2 ,M 3 ) 0 1 r 

Vo oj 


(3.3.13) 


It is evident that all equations of the system ()3.3.13|1 contained in the equation (13.3.1211 except 
only one (12)-equation rdx^ = dx^r. We use the system of equation 


r ■ [Li(mi, M2, M3) + L(mi, V2, M3)] = [Li(mi, M2, M3) -h L(mi, M2, M3)] ■ r ; rdx^ = dx^r (3.3.14) 

as defining system for operator r. It is the system of equations ()3.3.0jl . ()3.3.1()jl written in terms 
of operator r. Returning to the system (13.3.1111 fwhich is (j3.3.4|l written in terms of r) we note 
that it is possible to factorize the matrix diag{vi ; M 2 ; 1) from the right 

( 1 X)x2—dxi o _ \ / 1 O _ fl \ 

^ V 2 ^yi \ I ^ V 2 ^y^ \ 

0 1 = Li(mi,M 2 ,M 3 ) 0 1 r 

00 V 3 J Voo U 3 j 
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In comparison with there are three new equations only 


( -dyr 

■ Li(wi, ^2) %) I ~dzi 




-a, 


yi 


Indeed the system fjd.3.1411 contains the equations [Y,dx 2 ] — = [''j ^ 22 ] = [r,5a;i] = 0 

by conditions (j3.3.13|l we obtain only three new equations. It is possible to show that these 
equations follow from the system (j3.3.14|l so that it remains to find the solution of the system 
of equations (13.3.14|1 . First of all [r, 2 : 2 ] = [r, 2 / 2 ] = = [r, clajj] = = [i") ^^ 2 ] = 0 and 

therefore the operator r depends on the variables xi, 2 /i, zi only. There are six equations and for 
simplicity we change zi,yi,zi x,y, z 


r {xd^ + ydy) = (xd^ + ydy) r ; rd^ = d^r ; r {-xd^ + zd^) = {-xd^ + zd^) r (3.3.15) 

r [ydx + z^dz + (m 2 - ms + 1)^) = {ydx + + (m 2 - f 3 + 1)^) r (3.3.16) 

r {x^dx + xydy — xzdz — ydz + {ui — U 2 + l)a;) = (3.3.17) 

= [x'^dx + xydy — xzdz — ydz + (mi — U 2 + l)x) r 

r (x (ydx + z'^dz + (m 2 - ms + l)^^) + y {ydy + zdz + m - + 2)) = (3.3.18) 

= {x {ydx + z^dz + {u 2 - Us + 1)^) + y {ydy + zdz + ui-vs + 2 )) r 
We look the general solution in the form 

r = aL[zdz] ■ e^^^ ■ h[ydy] ■ ■ c[zdz] 


where 

r ^ 1 _ ^{zdz + 1) 

T{zdz + M2 - M3 + 1)' 

It is the evident solution of the equations ()3.3.15|1 . The equations ()3.3.16|l - ()3.3.18jl lead to the 
recurrence relations for the functions and h[ydy\ 

Si[zdz + 1] ■ {zdz + 1) = {zdz + M2 - M3 + 1) ■ a[zdz] 


h[ydy + 1] ■ {ydy + mi - M3 + 1) = {ydy + mi - M3 + 1) ■ h[ydy] 

The solution of these equations is 


a[zdz] 


T{zdz + M2 — M3 + 1) 
T{zdz + 1 ) 


; h[ydy] 


T{ydy + Ml - M3 + 1 ) 
T{ydy + Ml - M3 + 1 )' 


Collecting everything together we obtain the expression for the operator TZ^ from the Proposition. 
All calculations for the operator TZi are very similar and finally one arrives to the system which 
coincides with the system fj3.3.15|l . ()3.3.18|1 after the change of variables and parameters. In a 
such way one obtains the expression for the operator IZi from the Proposition. It remains to 
prove the equivalence of dehning equation (I3.3.3|l to the system ()3.3.8|1 and derive the explicit 
formula for the operator IZ 2 . First we show that the system ()3.3.8|1 is the direct consequence 
of the eq. Let us make the shift mi —>• mi + A , M 2 —>■ M 2 + A , M 3 —>• M 3 + /i , mi —>• 
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vi + I' , f 2 + A , fs —>• ^3 + A in the defining equation ()d.d.d|l for the operator 7 ^ 2 -The 

7^-operator is invariant under this shift and L-operators transform as follows 

/O 00 \ / 100 \ 

Li —> Li + A ■ 11 + (/i — ^ ^ ^ I ’ ^2 —> L 2 + A ■ 1 + (z 2 — A 0 I 

\yi + xizi zi 1 / \ 1/2 0 0 / 

The obtained after all equation has to be satisfied for arbitrary A , fi and p and as consequence 
we derive the system fld.d. 8 |l . Next we show that from the systems of equations (Id.d.Hj) follows 
eq. (Id . 8 .dll . This will be almost evident if we rewrite these equations in equivalent form using 
the s£(d)-invariance of the L-operator and the commutativity of IZ 2 and zi,yi + xiZi,X 2 ,y 2 - 
We start from the equation (jd.d.dj) and make the two similarity transformations of the defin¬ 
ing equation (jd.d.djl using simple matrices which commute with operator TZ 2 - After all these 
transformations the defining equation (jd.d.djl for the 7 ^ 2 -operator in factorized form looks as 
follows 


(I 0 0 \ 

7^2•ll(^tl,^^2,^^3)■M•l2(Ul,U2,U3) = li(Ui,U2,U3)-M-l2(t^l,W2W3)-^2 ; M = -X 2 1 0 

\ 2/12 + 2:1X12 Zi I J 


/ 1 0 0 \ / Ui (9a:i - Zidy^ dy^ \ ! I 0 0 \ 

1i(ui,M2,M3) = -Xl 10 0 U2 Xi 1 0 

\0 01/\0 0 U3/\001/ 

/ 1 0 0 \ / Vi 0^2- (9y2 \ / 1 0 0 \ 

h{Vl,V2,V3 ) = 0 1 0 0 V2 0 1 0 

V 0 -Z2 1 / V 0 0 U3 / V 0 ^2 1 / 

Next step we rewrite this equation in terms of the transformed operator r 

7^2 = ■ r ■ S ; § = 

/ 1 0 0 \ 

r ■ Li(tii,M 2 ,M 3 )mL 2 (ui,U 2 ,U 3 ) = Li(ui,U 2 ,M 3 )mL 2 (ui,U 2 ,^^ 3 )-r ; m = 0 10 

V 2/1 0 1 / 

where 

/ Ui -|-1 -f Xidxi dxi dy^ \ 

Li(mi,M2,M3) = -xld^^ + {U 2 - Ui - l)xi U 2 - x^^ 

\ 0 0 U3 / 

( Ul 9x2 9xi Z\dy 2 9y2 9y^ X 

0 V 2 + I + Z 2 d ^2 9^2 

0 -z^ 9^2 + (^3 -V 2 - 1 )Z 2 V 3 - Z 29^2 / 


(d.d. 19 ) 


To derive the system of equations which is equivalent to the system (Id.d.Sjl written in terms of r 
we repeat the same trick with the shift of parameters and obtain 


r ■ [Li(ui,U 2 ,M 3 )m-FmL 2 (ui,U 2 ,U 3 )] = [Li(mi, U2,113)111mL2(ui, M2, ^^3)] -r (d.d. 20 ) 
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This system results in a simple equations. First of all we have [r, yi] = [r, zi] = [r, xq\ = [r, 7 / 2 ] = 0 
from the very beginning and the system contain the equations 

[r, dy 2 ] = [r, dz^] = [r, ^2 - zidy^] = 0 (3.3.21) 

r + yidy^) = + yidy^)T ; r {xid^^ - Z 2 d^^) = {xid^^ - Z 2 d^^) r (3.3.22) 

r {-xjd^^ + {u 2 -ui- 1 ) 0:1 - yid^^) = + (^^2 - Ui - l)xi - yid^,^) r (3.3.23) 

r {-zld^^ + {v 3 -V 2 - l)z 2 - yA^) = {-zld^^ + (us -U 2 - l)z 2 - yA^) r (3.3.24) 

Returning to the system ()3.3.19jl which is equivalent to the system ()3.3.3j) written in terms 
of r we note that it is possible to factorize the matrix diag{vi] 1; 1) from the right and the 
matrix diag{l-,l-,U 3 ) from the left so that the parameters Vi and M 3 disappear from equation. 
The equivalence obtained system of equations to the system ()3.3.21j) - ()3.3.24j) can be proven by 
straightforward calculations. Now we are going to the solution of the defining system of equations. 
We look the general solution in the form 

r = a[z 2 d^^] ■ e^^"i ■ ■ c[z 2 d^^] 


where 


c[z2dz^] 


^{.Z2dz2 + 1) 

r(^2<922 + ^2 — M 3 + 1 ) 


It is the evident solution of the equations ()3.3.21j) . (13.3.2211 . The equations (13.3.1711 and (13.3.18jl 
lead to the recurrence relations for the functions ai[z 2 dz 2 ] and 


^[Z2dz2 + 1] ■ (^2^22 + 1) — (^2^22 + M2 — M3 + 1) ■ a[^2^22] 


h[xid^^ + 1] ■ (a^i^xi + Ml - M2 + 1) = + Mi - M 2 + 1) ■ b[a:i9^J 

The solution of these equations is 


^[Z2dz2] 


T{z2d^^ + M2 - M3 + 1) 

^{Z2dz2 + 1) 




r(a;i^3:i + Ml - M2 + 1) 

r(a:ic?a;i + Ml - M2 + 1) 


and collecting everything together we obtain the expression for the operator 77-2 from the propo¬ 
sition. 


4 Conclusions 


We have shown that the general R-matrix can be represented as the product of the simple ’’build¬ 
ing blocks” - 77.-operators. In the present paper we have demonstrated how this factorization 
arises in the simplest situations of the symmetry algebra s(.{2) and s^(3). As a byproduct we 
derived useful representation for the s£(2)-invariant R-matrix 


ffi£P2(“) = Pi27^i(Mi|Mi,M2)77.2(Mi,M2|m 2) ~ IPl2 ' 


r(^2i^2 + ^fi) 

r( 2:21^2 + -^1 + ^2 ~ M.) 


r(zi2c7i -\- £2 -\- u) 

r(zi2ai + 2t(i) 
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It is possible to represent the general s£(2)-invariant R-matrix in many equivalent forms. The 
spectral decomposition of R-matrix ()1.().1|1 was obtained in the paper [7j. In functional represen¬ 
tation R-matrix is some integral operator acting on the space of polynomials. The symbol and 
kernel of this integral operator was calculated in QSI and in m correspondingly. Here we obtain 
the representation for the R-matrix in the operator form. The similar operator expression for 
the Hamiltonian of the XXX spin chain was used in 

In the s^(3) case we have derived the explicit expression for the general R-matrix in the 
factorized form 


- m ) ~ ¥i2TZl{Ui;Vi,U2,U3)n2{Ui,U2;V2,U3)n3{Ui,U2,U3;V3). 

The 7^-operators in many respects are very similar to the general R-matrix but are much more 
simpler. In some sense the R-matrix is composite object and 7?.-operators are elementary building 
blocks. Using the simple pictures it is possible to derive the general system of dehning relations 
for the 7^-operators. First, there exist nontrivial commutation relations for the 7?.-operators 
acting in different spaces. Second, there are three term relations for the 7?.-operators which play 
the same role as Yang-Baxter relation for the R-matrix. Using dehning relations for 7?.-operators 
it is possible to derive all relations for the general R-matrix including the Yang-Baxter equation. 
All this will be discussed elsewhere. 

It seems that all these results can be generalized to the symmetry algebra s£{n) where should 
exists the factorization of the general R-matrix on the product of n simple 7?.-operators. In the 
second part of this work we shall show that the same factorization take place for the general 
rational solution of the Yang-Baxter equation with the supersymmetry algebra s£{2\l). 


5 Acknowledgments 

I would like to thank R.Kirschner, G.Korchemsky, P.Kulish, A.Manashov, E.Sklyanin and V.Tarasov 
for the stimulating discussions and critical remarks on the different stages of this work. This work 
was supported by the grant 03-01-00837 of the Russian Foundation for Fundamental Research. 


References. 

[1] P.P. Kulish and E.K.Sklyanin , "On the solutions of the Yang-Baxter equation” 
Zap.Nauchn.Sem. LOMI 95 (1980) 129 

[2] M.Jimbo Introduction to the Yang-Baxter equation”, Int.J.Mod.Phys A 4, (1983) 3759 
”Yang-Baxter equation in inteqrable systems”, M.Jimbo ed., Adv.Ser.Math.Phys., 10 , World 
Scienti£c(Singapore) 1990 

[3] V.G.Drinfeld, ”Hopf algebras and Yang-Baxter equation”, Soviet Math.Dokl. 32(1985), 254 
V.G.Drinfeld, ’’Quantum Groups” in ’’Proc.Int.Gongress Math., Berkeley, 1986”, AMS, 
Providence RI (1987), p 798 

[4] V.G.Drinfeld, ”Quasi-Hopf algebras”, Leningrad.Math.J. 1(1990) 1419 


21 




[5] V.Terras, ’’Drinfel’d twists and Functional Bethe Ansatz”, Lett.Math.Phys.48(1999) 263 
H.Pfeiffer, ’’Factorizing twists and the universal R-matrix of the Yangian Y{si 2 )”, 
J.Phys.AiMath.Gen 33(2000), 8929 

[6] P.P. Kulish and E.K. Sklyanin , ’’Quantum spectral transform method. Recent developments”, 
Lect. Notes in Physics, v 151, (1982) , 61, 

L. D. Faddeev, ”How Algebraic Bethe Anstz works for integrable model”, Les-Houches lectures 
1995, hep-th/9605187, 

E.K.Sklyanin, Inverse Scattering Method.Selected Topics”, in ’’Quantum Group 
and Quantum Integrable Systems” (Nankai Lectures in Mathematical Physics), ed. Mo-Lin 
Ge,Singapore:World Scientific,1992,pp.63-97; hep-th/9211111 

[7] P.P. Kulish, N.Yu.Reshetikhin and E.K.Sklyanin, ”Yang-Baxter eguation and representation 
theory”, Lett.Math.Phys. 5 (1981) 393-403 

[8] N. MacKay, ’’Rational R-matrices in irreducible representations”, J.Phys. A 24 (1991) 4017 
R-B. Zhang, M.Gould and A.Bracken, ’’From the representation of the braid group to 
solutions of the Yang-Baxter egt/afion ”,NucLPhys. B 354, (1991) 625 

M. Gould and Y-Z. Zhang, ”R-matrices and the tensor product graph 

method”, hep-th/0205071 

[9] E.K. Sklyanin, private communication 

[10] D.P.Zhelobenko, ’’Compact Lie Groups and their Representations”, AMS , Providence, 
Rhode Island (1973) 

[11] J.J. de Swart, ’’The Octet Model and its Clebsch-Gordan Coefficients”, Rev.Mod.Phys. v 35, 
(1963) 916 

[12] M.Shifman, ”ITEP Lectures on Particle Physics and Field Theory”, (1999) v2 pp 775-875 
World.Sci.Lect.Notes Phys. 62 

[13] P.P. Kulish and N.Yu.Reshetikhin, ”On GL{3) -invariant solutions to the Yang-Baxter egua¬ 
tion and the associated guantum systems”, Zap.Nauchn.Sem. LOMI 120 (1982) 92 

[14] A.Molev ’’Yangians and their applications” math.QA/0211288 

[15] A.Molev, M.Nazarov and G.Olshanski ’’Yangian and classical Lie algebras”, Russian 
Math.Surveys51:2(1996), 205-282 

[16] P.P. Kulish, ’’Yang-Baxter eguation and reflection eguations in integrable mod¬ 
els”, hep-th/9507070 

[17] S.I.Alishauskas and P.P.Kulish, ’’Spectral resolution of the su{3)-invariant solutions to the 
Yang-Baxter eguation”, Zap.Nauchn.Sem. LOMI 145 (1985) 3 

[18] E.K. Sklyanin ’’Classical limits of the Yang-Baxter eguation”, J.Soviet.Math. 40, (1988) 93 

[19] S.Derkachov, D.Karakhanyan, R.Kirschner ’’Universal R-matrix as integral operator” 
Nucl.Phys. B 618, (2001) 589 


22 





[20] L.N. Lipatov, ”Hiqh-enerqy asymptotics of multicolor QCD and exactly solvable lattice mod¬ 
els”, JETP.Lett. 59(1994)596 

L.N. Lipatov, ’’Duality symmetry of reggeon interactions in multicolor QCD”, Nucl.Phys. B 
548, (1999) 328. 

[21] L.D.Faddeev and G.P.Korchemsky, ’’Hight-energy QCD as a completely integrable model”, 
Phys.Lett.B342(1995)311. 

[22] D.Karakhanian and R.Kirschner, ’’Conserved currents of the three-reggeon interac¬ 
tion”, hep-th/9902147i ’’High-energy scattering in gauge theories and integrable spin 
chains”, hep-th/9902031, Fortschr. Phys.48, (2000) 139 

[23] C-N.Yang ’’Some exact results for the many-body problem in one dimension with repulsive 
delta-function interaction”, Phys.Rev.Lett. 19 (1967) , 1312 


23 


